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Optimal eletron entangler and single eletron soure at low temperatures
Y. Sherkunov, Jin Zhang, N. d'Ambrumenil, and B. Muzykantskii
Department of Physis, University of Warwik, Coventry, CV4 7AL, UK
Eletron transport in mesosopi ontats at low temperatures is aompanied by logarithmially
divergent equilibrium noise. We show that this equilibrium noise an be dramatially suppressed
in the ase of a tunnel juntion with modulated (time-dependent) transpareny, and identify the
optimal protool. We show how suh a ontat ould be used either as an optimal eletron entangler
or as a single-eletron soure with suppressed equilibrium noise at low temperatures.
The ontrolled prodution, manipulation and detetion
of entangled partiles are entral to quantum omputa-
tion. Considerable progress has been made on the ma-
nipulation of several qubits in quantum optis [1℄. Given
the ontrollability of devie parameters and the rapid and
oherent transport through mesosopi ontats, one ex-
pets that eletrons ould also be used to proess quan-
tum information [2℄. Although the entanglement of ele-
tron quasipartiles has not been demonstrated experi-
mentally, important steps towards the detetion of en-
tangled states in mesosopi systems have been taken [3℄
and there are many theoretial proposals on how to gen-
erate, manipulate and detet the entangled eletrons in
mesosopi systems [2, 4, 5, 6, 7, 8, 9, 10℄.
Another breakthrough in `eletroni optis' is the ex-
perimental demonstration of a single-eletron soure on
demand with sub-nanoseond time resolution [11℄. Fève
et.al. used the oupling of the loalized level of a quan-
tum dot to a ballisti ondutor to obtain a sequene of
single-eletron pulses [11℄.
To manipulate entangled eletrons in mesosopi sys-
tems requires low eletron temperatures, T [12℄. How-
ever, when T tf ≪ 1 (tf is the measurement time), the
problem of equilibrium noise assoiated with the open-
ing and losing of hannels arises [13℄. If the onnetion-
disonnetion proess is abrupt, this leads to a logarith-
mially divergent (so-alled) equilibrium noise 〈〈Q2〉〉 ∝
log tf/τs, where τs is the harateristi swithing time
[13℄ (see also [14℄).
Here, we show how the appropriate hoie of the time-
dependene of the barrier transpareny in a tunnel jun-
tion an dramatially redue the equilibrium noise. We
suggest how suh point ontats ould be used as soures
for entangled quasipartiles and ultraold single ele-
trons. Firstly, we desribe a soure of entangled parti-
les, based on two one-dimensional wires oupled by a
tunnel juntion with tunable transmission and reetion
amplitudes A and B, whih attains the theoretial max-
imum entanglement of 50% [7℄. We show that tuning
the transpareny amplitude to take the time-dependent
form A = Im
∏N
j
t−tj−iτj
t−tj+iτj (τj > 0, or τj < 0 ∀j) leads to
the exitation of N independent spin-entangled partile-
hole pairs, with nite τj -independent noise. In the speial
aseN = 1, the partile and hole are distributed indepen-
dently between two leads with probability 1/2 to nd the
partile (or the hole) in either lead. Our proposed sheme
is similar to the one based on the quantum pump [7℄ but
with no logarithmially divergent equilibrium noise.
Seondly, we propose a single-eletron soure, based
on a biased quantum point ontat with tunable trans-
pareny. It has been shown [15, 16℄, that a Lorentzian
voltage pulse V (t) applied between the leads of a quan-
tum point ontat exites a single eletron (or hole), pro-
vided the Faraday ux, ψ = e/h¯
∫ t
V (t′)dt′, is an inte-
ger multiple of 2pi. Even at low temperatures the trans-
port of a single eletron is again aompanied by the
logarithmially divergent equilibrium noise, whih makes
detetion of the exitation diult. We show that the
equilibrium noise in the sheme proposed in [15℄ an
be suppressed by tuning the barrier transpareny to be
A = Im (t+t1/2−iτ1)(t−t1/2+iτ1)(t+t1/2+iτ1)(t−t1/2−iτ1) . If a quantized Lorentzian
pulse is applied between the leads when the barrier is
open, the tunnel juntion will operate as a very low noise
single-eletron soure.
The noise in the harge transferred aross a point
ontat and the degree of entanglement of states on
either side of the ontat an be ontrolled by the
time-dependene of the barrier transpareny. The noise
in the harge transferred aross the barrier will be
given by 〈〈Q2〉〉 = ∫ dtdt′[2A(t)2A(t′)2nL(1 − nR) +
A(t)B(t)A(t′)B(t′)(nL(1−nR)+(1−nL)nR)], where A(t)
and B(t) are the (time-dependent) transmission and re-
etion amplitudes of the barrier, nL(R) is the density
matrix of inoming states in the left (right) lead [17℄.
With no bias voltage, nL,R = n0 = i/[2pi(t− t′ + i0)]. If
the transpareny amplitude A swithes abruptly, A 6= 0
for t ∈ [0, tf ] and A = 0 otherwise, one obtains the well-
known logarithmially divergent result for the zero bias
(V = 0) noise 〈〈Q2〉〉
0
= A
2
pi2 log tf/τs. This logarithmi
divergene is an unavoidable onsequene of the abrupt
start and nish to the measurement and simply reets
the density utuations of fermions in 1D rossing any
point during a time-interval [0, tf ]. If, instead, we hoose
A = Im t−iτt+iτ , we obtain 〈〈Q2〉〉0 = 1/2. As we show
below, this result ould be used together with the spin
degree of freedom of eletrons to dene an optimum en-
tanglement protool.
By ombining a smooth opening of the ontat and
the appliation of a voltage bias between the leads,
we show that it is possible to operate the ontat as
2a single eletron soure with high signal-to-noise ratio.
We propose tuning the barrier height so that A(t) =
Im
(t+t1/2−iτ1)(t−t1/2+iτ1)
(t+t1/2+iτ1)(t−t1/2−iτ1) , with τ1 = t1(1/2 + 1/
√
2),
whih ensures that the transpareny amplitude goes
through a single maximum at t = 0 with A(0) = 1.
If a quantized bias voltage pulse is applied between the
leads, nL = n0, nR = e
iψn0e
−iψ
with eiψ = t−t0−iτ0t−t0+iτ0 ,
whih is narrow in time (τ0 ≪ τ1), we should expet
〈〈Q2〉〉 ≈ 〈〈Q2〉〉
0
+ |A(t0)|2(1− |A(t0)|2). The rst term
desribes the zero bias noise assoiated with the opening
of the ontat and the seond gives the shot noise for an
open ontat [13℄. For t0 = 0 the seond term an be
made to vanish so that for this hoie of τ1/t1, we should
expet that 〈〈Q2〉〉 ≈ 〈〈Q2〉〉
0
≈ 1/4.
The statistis of the transferred harge are enoded in
the harateristi funtion, χ(λ) [18℄:
χ(λ) =
+∞∑
n=−∞
Pne
inλ. (1)
Here Pn is the probability of n partiles being transmit-
ted aross a barrier. A variety of approahes have been
used to study χ(λ), with the majority foused on voltage-
biased ontats [15, 18, 19, 20, 21, 22, 23℄. We nd a
mapping between the problem of the biased leads and
that of the time-dependent barrier transmission. Our
formulation of the problem enables us to solve for χ(λ)
analytially in an unbiased ontat and to ompute nu-
merially the harateristi funtion for a time-dependent
transmission amplitude in the presene of bias voltages.
The system we onsider is a 2-terminal mesosopi on-
tat at zero temperature, whih onsists of two single-
hannel leads and a barrier haraterised by transmission
and reetion amplitudes, A and B. The annihilation
operators of the inoming states aL(R) are related to the
outgoing states bL(R) at the left (right) lead via:(
bL
bR
)
= S
(
aL
aR
)
with S =
(
B A
−A∗ B∗
)
, (2)
where the sattering matrix S varies slowly ompared to
the Wigner delay time. We will take A and B to be
real. Then, in the (time-independent) basis in whih
the sattering matrix is diagonal, the inoming states
a˜1 =
1√
2
(aL − iaR) and a˜2 = 1√2 (aL + iaR). In this
basis S11 = e
iφ(t)
, S22 = e
−iφ(t)
, S12 = S21 = 0,
where eiφ(t) = B(t) + iA(t), and the outgoing states are
bL =
1√
2
(
a˜1e
iφ + a˜2e
−iφ)
and bR =
i√
2
(
a˜1e
iφ − a˜2e−iφ
)
.
The relation between the hannels 1 and 2 and those
of the two leads L and R is the eletroni equivalent of
a beam splitter. This is illustrated in Fig.1a for the ase
of single exitations in hannels 1 and 2 . The time-
dependene of the barrier exites a partile-hole pair in
hannel 1 with probability sin2 α12 and another in hannel
2 with probability sin2 α22 . For the unbiased ase, ree-
tion and transmission of partiles in hannels 1 and 2
1
L
R
2
(a) (b)
Figure 1: (olor online) Charge transport through an unbiased
ontat with time-dependent sattering matrix. (a) Partile-
hole exitations indued in hannels 1 and 2 (in whih the
sattering matrix is diagonal) an be thought of as propagat-
ing through a 50% beam-splitter to yield the harge in the
left (L) and right leads (R) of the ontat. (b) Outomes of
applying the pulse (6) to the barrier of the tunnel juntion. A
hole (white) and an eletron (blak) oupies states in both
leads with probability 1/2.
our independently. The probability of nding no addi-
tional harge in the right lead as a result of the exitation
in hannel j is then P0 = cos
2 αj
2 +
1
2 sin
2 αj
2 , while the
probability of nding an additional partile or hole are:
P±1 = 14 sin
2 αj
2 . The harateristi funtion χ(λ) is the
produt of the results from the two independent hannels:
χ(λ) =
∏
j
(
1 +
1
4
sin2
αj
2
(
eiλ + e−iλ − 2)) . (3)
The angles αj an be found by diagonalizing the matrix
h1h2 [21, 23℄:
h1h2 = e
iφhe−iφe−iφheiφ, (4)
where h = 2n0 − 1 is related to the density matrix, n0,
of the ground state. The eigenvalues of h1h2 are paired
and equal to eiα, e−iα [21, 23℄. In the ase of a voltage-
biased ontat, there an also be unpaired eigenvalues,
orresponding to so-alled unidiretional events, in whih
a single partile or hole is exited.
Eq.(3) formally oinides with the one obtained
for χ(λ) for bidiretional events in a quantum on-
tat. For a (zero-mean) time-dependent bias, V (t),
between the leads and a barrier whih is de-
sribed by a time-independent sattering matrix [21℄:
χ(λ) =
∏
j
(
1 + |A|2|B|2 sin2 αj2
(
eiλ + e−iλ − 2)). Set-
ting |A|2 = |B|2 = 12 , gives the result (3). In the ase
of the biased ontat the angles αj are found by diag-
onalizing eiψ(t)he−iψ(t)h, where ψ = e/h¯
∫ t
V (t′)dt′ is
the Faraday ux. Diret omparison with Eq.(4) shows
that the problem of the unbiased quantum ontat with
time-dependent satterer is equivalent to the problem of
a voltage biased quantum ontat with time-independent
satterer if: ψ → 2φ, |A|2 → 1/2, |B|2 → 1/2.
As an illustration of the power of this mapping, we on-
sider the ase of a periodially modulated transpareny
3A = sin(ωt), B = cos(ωt). The mapping means that this
problem is equivalent to that of a ontat under onstant
bias. The harateristi funtion for this ase is known
to be χ(λ) = [χ0(λ)]
tf ω
2pi
[18℄, where χ0 desribes a single
period, and tf is the measurement time. The eigenval-
ues of the matrix he2iωthe−2iωt
′
for a single period are
paired and equal to −1. Using this to ompute χ(λ) for a
barrier with periodially modulated transpareny gives:
χ(λ) = [(1 + cosλ)/2]
ωtf/2pi
whih is a result previously
obtained by Andreev and Kamenev [24℄.
The problem of voltage-biased quantum point ontats
with onstant transpareny amplitude A , where a volt-
age V (t) is applied to one of the leads of a tunnel jun-
tion has been extensively studied [13, 15, 18, 21, 23℄.
Partiular attention has been paid to the ase of quan-
tized Lorentzian voltage pulses applied to one eletrode
V (t) =
∑N
j
−2τj
(t−tj)2+τ2j
(τj > 0 or τj < 0 ∀ j) when
eiψ(t) =
N∏
j=1
t− tj − iτj
t− tj + iτj . (5)
If τj > 0 or τj < 0 the pulse exites exatly N partiles
or holes depending on the polarity of the devie [15, 16℄.
Some of the results obtained for the problem of the bi-
ased point-ontat, when mapped to the time-dependent
barrier ase, help with the design of an optimum entan-
gler of partile states and the design of low noise soures
of old eletrons and holes. From (5), we an see the
speial status of events in whih the barrier is modulated
aording to
eiφ = B + iA =
√(
t− iτ
t+ iτ
)(
t− t1 − iτ
t− t1 + iτ
)
. (6)
(In the ase t1 = 0, Eq.(6) desribes a single pulse of
the type (5).) The harateristi funtion, χ(λ), is found
from the eigenvalues of h1h2 (see Eq.(4)), whih are the
same as those of he2iφhe−2iφ. In the language of the bi-
ased lead ase, these are just two so-alled uni-diretional
events and both eigenvalues are equal to -1, so α1,2 = pi
[23℄. From (3) we then obtain χ(λ) = (1+cosλ)2 . The four
possible outomes of applying the pulse (6) to the barrier
are illustrated in Fig.1b and all our with probability
1/4.
The partile and the hole in Fig.1b are entangled.
However, this entanglement annot be revealed by mea-
surements beause of partile number onservation [5℄.
In order to reate useful entangled states, whih an be
measured with the Bell proedure, we should onsider en-
tanglement in, for example, the spin degree of freedom of
the partiles. Taking aount of spin, eah lead has two
hannels: one for eah spin projetion. If we suppose that
the sattering matrix for the barrier is spin-independent
(so that the two hannels in eah lead are independent),
and a pulse (6) is applied, we have χ(λ) = [ 12 (1+cosλ)]
2
.
There are now 16 outomes whih our with equal prob-
abilities. The fully entangled Bell pair is reated only if
the hange in harge in one of the leads is +1 and −1
in the other, and ours with probability 1/2. The mea-
surement proedure requires measurement of the harge
in one of the leads rst, and then of the spin state of the
partile or hole.
To alulate the available entanglement entropy, one
should use the super-seletion rules, whih aount for
partile number onservation [25℄ (see also [26, 27℄). Let
a quantum state, with N partiles distributed between
Alie and Bob (left and right leads), be desribed by a
wavefuntion |ΨAB〉 and let |ΨnAB〉 be the wavefuntion
projeted onto a subspae of xed loal partile num-
ber n for Alie and N − n for Bob. The available en-
tropy is: Savl =
∑
n PnSn, where Pn is the probabil-
ity Pn = 〈ΨnAB|ΨnAB〉/〈ΨAB|ΨAB〉 and Sn is the stan-
dard entanglement entropy orresponding to the ong-
uration n. The probability to nd a partile in the left
lead and a hole in the right lead or vie versa is 1/4.
The entanglement entropy of the ongurations ontain-
ing a fully entangled Bell pair is Sn = 1. Thus we nd
Savl = 1/2. This orresponds to an entangler with 50%
eieny, whih is the optimal value. The entangler pro-
posed originally in [7℄ has the same eieny but still
ontains the equilibrium noise, whih in our proposal is
suppressed. Finally we note that for the ase of N pulses
applied to the barrier eiφ =
∏N
j
√(
t−tj−iτj
t−tj+iτj
)(
t−t′
j
−iτj
t−t′
j
+iτj
)
(τj > 0 or τj < 0 ∀ j) we nd χ(λ) =
(
1+cosλ
2
)N
, i.e. the
partile-hole pairs are produed independently.
Now we turn our attention to the ultraold single-
eletron soure. We onsider a tunnel juntion with
tunable transpareny, whih onnets two single-hannel
wires. A single quantized voltage pulse, with eiψ =
t−t0−iτ0
t−t0+iτ0 , is applied to one of the leads, and a single parti-
le is exited [15℄. If the barrier transpareny is turned on
abruptly, the logarithmially divergent equilibrium noise
emerges and makes measurement of a single unidire-
tional event problemati. To suppress the equilibrium
noise, we propose modulating the barrier smoothly, by
applying a pulse sequene to the barrier with:
eiφ = B + iA =
(
t+ t1/2− iτ1
t+ t1/2 + iτ1
)(
t− t1/2 + iτ1
t− t1/2− iτ1
)
. (7)
We hoose τ1 = t1(
1
2 +
1√
2
). This hoie gives a trans-
pareny amplitude, whih does not hange sign and goes
through a single maximum at t = 0, with |A(0)|2 = 1, as
shown in Fig.2a.
The harateristi funtion in the general ase of quan-
tum pumping an be expressed in terms of the eigenval-
ues of the single-partile density matrix of outgoing states
in, say, the left lead nout = 〈b†LbL〉 = B∗n0B + A∗n˜A.
Here n˜ = eiψn0e
−iψ
. Consider rst the ase of a single-
partile exitation in the outgoing states. The eigenval-
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Figure 2: (olor online) Single unidiretional event in a quan-
tum ontat with tunable transpareny. (a) Transpareny
of the barrier, |A(t)|2, as a funtion of time (see 7). Also
shown is the quantized voltage pulse, V (t), applied to the left
lead; (b) Average harge transfer through the barrier, 〈Q〉, as
a funtion of t0/τ1, where t0 is the separation between the
maxima of V (t) and |A(t)|2, see Fig. 2(a). The maximum of
〈Q〉 ours when t0 = 0 where |A|
2
approahes 1, it grows as
the width of the voltage pulse, τ0, is redued, and is lose to
1 for τ0 = τ1/16. () Noise, 〈〈Q
2〉〉, in a biased ontat with
transpareny given by (7) as a funtion of t0/τ1. The min-
imum of 〈〈Q2〉〉 ours for t0 = 0 and, for a narrow voltage
pulse (τ0 = τ1/16), it approahes the limit set by the barrier
modulation: 〈〈Q2〉〉
0
(horizontal dashed line). The maxima
in the noise our when t0/τ1 ≈ 1 and |A|
2 ≈ 1/2.
ues of the density matrix in the left lead are 1 (for the
states below the Fermi level), 0 (for the states above the
Fermi level not oupied by the exitation) and nj for
the state aeted by the exitation. The harateris-
ti funtion (1) is then χp(λ) = 1 − nj + eiλnj. For
a single hole in the outgoing states we nd χh(λ) =
nj + e
−iλ(1− nj). These two formulae an be ombined
to give χ(λ) = ei(Q1−nj)λ(1 − nj + eiλnj). (The trans-
ferred harge Q1 = nj for the partile exitation and
Q1 = nj − 1 for the hole exitation.) In the general ase
the density matrix is Hermitian and thus possesses an
orthonormal eigenbasis, and we arrive at the formula of
[28℄: χ(λ) = eiλQ
∏
j e
−iλnj [1 + (eiλ − 1)nj] where Q is
the total transferred harge.
For the ase of the pulse (7) applied to the barrier to-
gether with the bias pulse eiψ = t−t0−iτ0t−t0+iτ0 applied to the
left lead, we have diagonalized the density matrix nout
numerially. In Fig.2 we present results for the noise
〈〈Q2〉〉 in the system as a funtion of the separation t0
between the bias pulse and the barrier pulses. The max-
imum values of the noise ours when t0 ≈ τ1 and the
transpareny oeient is almost 1/2. This is the regime
where the barrier is ating as a 50% beam-splitter. The
minimum of 〈〈Q2〉〉 orresponds to t0 = 0, when |A|2 = 1.
At t0 = 0 the transferred harge also reahes its maxi-
mum (see Fig.2b). If the bias pulse is narrow ompared
to the barrier pulse (τ0 ≪ τ1), the major ontribution
to the noise at the minimum is very lose to the value
expeted on the basis of our earlier heuristi argument,
namely 〈〈Q2〉〉
0
and the transferred harge approahes
1. This is the regime whih we are proposing ould be
used as a single-eletron soure on demand at ultralow
temperatures.
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